Ryōkan! how nice to be like a fool for then one's Way is grand beyond all measure (Master) Tainin Kokusen (to Ryōkan Taigu) [1]
group G K and one Lubin-Tate character of G K (see [13] and [15] ). The Jarden-Ritter Theorem (see [7] ) on the other hand provides a necessary and sufficient condition for the absolute Galois groups of two p-adic fields K 1 and K 2 to be topologically isomorphic and in particular it is well-known that pairs of fields with this property exists.
Mochizuki's anabelian reconstruction yoga (see [17] and its references) provides, starting with the topological group G G K , the reconstruction amphora of G (see [5, 4, 6, 15, 16, 17] and its references for the contents of the reconstruction amphora; in [8] I introduced this term as a convenient short-form and memory-aid) which contains a number of quantities related to K which are reconstructed from the topological group G such as the topological monoids O * K (the group of units of the ring of integers O K of K) and O K the multiplicative monoid of non-zero elements of O K (this notation is due to Mochizuki) . However the ring O K is not contained in the reconstruction amphora of G.
Moreover Mochizuki's Reconstruction yoga also asserts that if one has an isomorphism of topological groups
then an isomorphism of the topological monoids
may also be reconstructed from it. So one could say that the set O K ∪ {0} can be equipped with many non-isomorphic ring structures in such a way that O K is (isomorphic to) the multiplicative monoid of non-zero elements.
As was impressed upon me by Mochizuki, the existence of this variation of ring structures was discovered in the nineteen seventies, but as far as I am aware, Mochizuki appears to be the first to recognize its foundational importance and utility in fundamental problems of arithmetic. This anabelian fluidity of the ring structures on the multiplicative monoid O K ∪ {0} forms an integral part of the fabric of the theory developed by Mochizuki in [14, 15, 16, 16, 17] which in turn form the backdrop of [9, 10, 11, 12] .
In this paper I consider a different approach to this problem of understanding the fluidity of ring structures and in particular to the problem of quantifying the fluidity of the additive structures on the set O K ∪ {0} for a p-adic field K. I began thinking of this problem in Kyoto (Spring 2018) and my preoccupation with it became more or less permanent on my return from Kyoto.
The idea, which I elaborate here, occurred to me in a recent lecture by Michael Hopkins at the Arizona Winter School (2019). In one of his lectures, Hopkins narrated an anecdote about Quillen's discovery of the role of formal groups in topological cohomology theories: in particular Quillen's assertion (to Hopkins) that "as addition rule for Chern classes fails to hold, it must therefore fail in worst possible way-namely by means of a formal group" (I am paraphrasing both Hopkins and Quillen here).
It was immediately clear to me that the answer to the problem of fluidity of additive structure of a p-adic field must similarly lie more naturally in formal groups. To be sure the idea of using formal groups had occurred to me in Kyoto, but I had rejected it as I did not see how to implement it (at that time) and secondly Mochizuki's multiplicative theory, it appeared to me, had no room for addition. However I realized, after listening to Hopkin's anecdote, that the problem of fluidity of additive structures is also a problem of deforming the tautological addition law (x, y) −→ x + y of a field and it was immediately clear that a formal group could provide the required deformation of this tautological addition law. So it seemed to me that one could replace Lubin-Tate characters by formal groups-even though the former are more natural from Mochizuki's multiplicative point of view. Of course, it took some time to realize this idea into a precise theory, and it was not altogether a straight forward path as my description might lead readers to believe. This paper is a record of these ruminations. I will assume that readers are familiar with basic aspects of the theory of formal groups as documented in [3] and I will freely use notation of that book. The main idea is that the variation of additive structure of O K ∪ {0} is encoded in the existence of a universal formal group law with the action of a multiplicative monoid O (Theorem 7.1). In particular this proves the existence of universal expression for any α ∈ O K which is independent of the additive structure of the chosen field K (more precisely for any α ∈ O K there is an endomorphism [α] of the universal formal group with O K -action in which α acts by the endomorphism of this formal group by [α]). Mochizuki's paper [11] develops remarkable the idea of writing elements α in a manner independently of ring structures (called multi-radial representations in loc. cit.) in an entirely different way.
Let me emphasize: this paper is completely self-contained (except for my use of the basic theory of formal groups as detailed in [3] ) and requires no results from Anabelian geometry except for two standard and elementary facts (1) If G is a topological group isomorphic to an absolute Galois group of a p-adic field K then one can reconstruct from G, a topological multiplicative monoid O isomorphic to O K and (2) if G K 1 G K 2 as topological groups then one can construct from it an isomorphism of topological monoids O K 1 O K 2 . Proofs of these basic facts can be found in Hoshi's papers [5] , [6] or in Mochizuki's [15] . In [8] I have called a p-adic field K 2 with the property G K 2 G K 1 an unjilt of K 1 or that K 1 , K 2 are a jilt-unjilt pair (see [8] to understand why this terminology is natural) and conjectured in, analogy with [2, 18] , that for a fixed p-adic field K 1 , there is a natural topological space constructed using G K 1 , which parametrizes all the unjilts K 2 of K 1 (see [8] ). This paper would not be possible without Shinichi Mochizuki's bold, audacious and deeply original ideas which continue to be a source of inspiration for me-in particular his truly remarkable and astounding discovery that there are arithmetic properties of non-zero elements of a fixed p-adic field which are independent of the ring structure of this field. I am deeply indebted to him for many conversations on many topics surrounding his ideas and for his continued support and encouragement. I am also indebted to Yuichiro Hoshi for many insightful conversations on anabelian geometry and for explaining to me a number of subtle ideas which lie at the foundations of this subject and which form the backdrop of this paper. I began thinking about the problem addressed in this paper while I was enjoying support and hospitality of Research Institute of Mathematical Sciences, Kyoto and I thank RIMS for the same. Thanks are also due to Machiel van Frankenhuijsen (who was also visiting RIMS at the time) for many conversations on Mochizuki's reconstruction theorem and other related topics. Finally it is a pleasure to thank Michael Hopkins for his insightful lectures at the Arizona Winter School 2019 and also the organizers of the School for an excellently organized meeting. Thanks are also due to Taylor Dupuy for conversations.
Formal groups with monoid actions
Let R be a ring which has no Z-torsion (i.e R → R ⊗ Z Q is injective) (this will be an auxiliary ring for us and eventually a choice will be made). I will work with formal groups over R. All formal groups I deal with will be one dimensional commutative formal groups over the chosen ring R (I will not repeat these assumptions again) . Let F be such a formal group. So F (x, y) is a formal power series in x, y with coefficients in R with certain properties (see [3] for the definition).
Let M be a commutative monoid with identity (always written multiplicatively in this paper). I say that F is a formal group with an action of the monoid M (or more simply that is an M -formal group over R) if one has a homomorphism of multiplicative monoids
Note that this means [m] is a formal series over R in some auxiliary variable say x and when one wants to emphasize this, I will write [m](x) for an auxiliary variable
One checks easily, using the fact that m −→ [m] is a homomorphism of multiplicative monoids, that the mapping given by m −→ α 1 (m) is a homomorphism of multiplicative monoids denoted again by α 1 : M → R.
Existence of formal groups with monoid actions
First let me prove that given any commutative monoid M , there exists a ring R with no Z-torsion and an M -formal group F over R. Let R = Q[M ] be the monoid ring over Q. Then I claim that there always exists an M -formal group over R. Proof. This is quite trivial if one uses the fact that over any Q-algebra any one-dimensional commutative formal group is isomorphic to the additve formal group with the group law
Then it is clear that Here is another constructive proof. The proof closely follows the proof of existence of formal groups (see [3] ). Let f (T ) ∈ R T be a power series in T with f (T ) = T mod T 2 . Let g(T ) ∈ R T be the unique power series such that f (g(T )) = T = g(f (T )). Such a g always exists as
and for any m ∈ M , let [m] be the endomorphism of F defined by
Imitating the construction of universal formal groups, one can expect to prove that there exists a universal M -formal group for some universal ring containing Z[M ], which gives rise to all the M -formal group laws over any commutative ring. This will be proved in Theorem 6.1 below.
extends to a homomorphism of multiplicative monoids
Then there exists a unique structure of a commutative ring on M given by F , such that M is the multiplicative monoid of non-zero elements. The additive structure of M is given
Proof. The proof is entirely trivial: End R (F ) is a ring, and if ι : M → End R (F ) is a bijection of multiplicative monoids, then M carries a ring structure induced from the target of ι and in this ring structure M is multiplicative monoid of non-zero elements. This ring structure is given by the stated formula which simply state the rules which hold in the target of ι . So for example, to add m 1 , m 2 ∈ M , one adds the endomorphisms 
Strict O K -formal groups and rings structures on O K ∪ {0}
Now let me explain why the notion M -formal groups is germane to our story. Let us take for our monoid M to be M = O K the multiplicative monoid of non-zero elements of the ring of integers of a p-adic field K. One of Mochizuki's Reconstruction Machines produces from the topological group G K , the multiplicative monoid O K .
Let us record the following which will be used in the sequel: 
with the structure of a commutative ring with O as the multiplicative monoid of non-zero elements.
(2) Suppose K 1 , K 2 are a jilt-unjilt pair (so K 1 , K 2 are p-adic p-adic fields with G K 1 G K 2 ).
(a) Then through the isomorphism O K 1 O K 2 , any O K 1 -formal group over any ring R can be viewed as an O K 2 -formal group over R and vice versa.
(b) Any strict O K 1 -formal group over O K 2 equips O K 1 with a ring structure (in general distinct from its given ring structure) provided by the given formal group law.
(c) More precisely any strict O K 1 -formal Lubin-Tate group over O K 2 equips O K 1 with a ring structure isomorphic to O K 2 .
Existence of universal M -formal groups
The above theorem shows very explicitly that the fluidity of the ring structures on O K arises from the fluidity of strict O K -formal group laws and in this sense fluidity of additive structures of O K ∪ {0} is encoded in the fluidity of certain formal group laws. This leads one to suspect that fluidity of local additive structures might be a reflection of existence of universal O -formal group law over some suitably universal ring. This hope is realized in the theorem proved below. This result is weaker than what can probably be proved using a more sophisticated techniques-namely an appropriate version of the functional equation lemma of [3] . But I think this result is more than adequate for my illustrative purpose here. Proof. Let L M be the ring which is being sought. The assertion will be proved if one can prove the existence of a power series in two variables
with coefficients in this ring L M . This power series F (x, y) is required to satisfy the following list of properties which make it into a formal group over L:
and the following list of properties which make F into an M -formal group over L M :
The idea of the proof is to start with an arbitrary formal power series which for commutativity to hold. Next associativity gives
where P i,j,k are polynomials in the coefficients of F and hence in particular associativity holds if and only the polynomials P i,j,k = 0. Next let us understand the condition that for every m ∈ M we have an endomorphism of our formal group. This condition means the following: for every m ∈ M , one wants a power series g m (x) = m · x + i≥2 d m,i x i which satisfies
where Q m,i are polynomials in the coefficients of the power series g m , F . For instance for 1 ∈ M (our monoids are written multiplicatively) one obviously sets g 1 (x) = x. These power series {g m } m∈M are required to satisfy the property of composition of endomorphisms:
where Z m,m ,i is a polynomial in coefficients of g m , g m , F and are required to satisfy commutativity of endomorphisms: This proves the assertion.
So now let

Existence of a universal O -formal group and its consequences
Let us note that the rules of Mochizuki's anabelian game permit the construction of the monoid ring Z[O K ] of O K as it makes no reference to the additive structure of K (or O K ) and so this ring is available to us and so our constructions will be independent of the additive structure of O K . The following theorem is a consequence of Theorem 6.1 and Theorem 5.2 as applied to the monoid O K for a p-adic field K. (1) Then there is a universal O K -formal group law over the ring L O K .
(2) Let F 1 be any O K -formal group over a ring R (for example a Lubin-Tate group). Then there is a homomorphism of rings
Let me stress that the construction of the ring L O K and the universal formal group law over L O K makes no explicit or implicit use of the ring structure of K-the ring which is used to start the construction is Z[O K ]. So its construction is independent of the ring structures on O K ∪ {0}.
Thus the universal O K -formal group law over L O K should be viewed as encoding the variation of additive structures on the set O K ∪ {0} keeping its multiplicative structure fixed.
Remark 7.2. The constructions carried out here should be viewed as being global (and also integral) in the sense that the universal formal group constructed here binds together all the unjilts of (any) p-adic field K simultaneously (the only fixed datum is the monoid O O K ). The universal formal group law provides a (global) access to the additive structure. In contrast Mochizuki uses the p-adic logarithm to access the additive structure but this necessitates working over Q (as the padic logarithm is defined over Q), and also forces one to work with individual unjilts of K. On the other hand I ignore the topology of the monoid O K completely but presumably more refined versions of my constructions could over come this defect. Nevertheless let me point out that there is a close resemblance between the two approaches: in Mochizuki's reconstruction theorem for p-adic fields the ring structure of a p-adic field emerges from the endomorphism ring of the Lubin-Tate character; and here the ring structure emerges from the endomorphism ring of the formal group.
Let us note one further consequence which is relevant to us: Corollary 7.3. Let K be a p-adic field. For any α ∈ O K , there exists a power series
representing the endomorphism
of the universal O K -formal group. This power series expresses α independently of the ring struc-
Also important is the following corollary: 
Universal strict O -formal group
The preceding results lead me to make the following very tempting conjecture (but this may be difficult to prove-if true):
Conjecture 8.1. Let K be a p-adic field. Then there exists a universal strict O K -formal group over some ring S.
It is of course possible that this is too strong and perhaps some additional hypotheses are need for some assertion of this sort to be true. But let us understand the fundamental consequence of this conjecture: the set O K ∪ {0} carries a universal ring structure given by the existence of this universal formal group over S. Multiplication structure of this ring is given by the multiplication rule in O K and the addition rule is defined by a universal power series F (x, y) ∈ S x, y by the rule:
In particular one should think of the expression [α](x) ∈ S x as a way of expressing p-adic number α ∈ K in a manner independent of the additive structure of the field K and These considerations can be applied to the four fundamental monoid pairs in anabelian geometry. In particular one has a natural action of G on the rings LŌ , LŌ * , LŌµ and LK * Thus one can consider G M as a pair consisting of a group G with action of G on the monoid M considered now as the monoid of endomorphisms of the universal M -formal group law over L M . This allows us to transfer G-action on these monoids in a manner compatible with the additive structure provided by the universal formal group law over these rings.
